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Spin evolution opened a large field in quantum plasma research. The spin waves in plasmas
were considered among new phenomena considered in spin-1/2 quantum plasmas. The spin density
evolution equation found by means of the many-particle quantum hydrodynamics shows existence
of the ”thermal” part of the spin current, which is an analog of the thermal pressure, or the Fermi
pressure for degenerate electron gas, existing in the Euler equation. However, this term has been
dropped, since there has not been found any equation of state for the thermal part of the spin
current (TPSC), like we have for the pressure. In this paper we derive the equation of state for the
TPSC and apply it for study of spectrum of collective excitations in spin-1/2 quantum plasmas. We
focus our research on the spectrum of spin waves, since this spectrum is affected by the thermal part
of the spin current. We consider two kinds of plasmas: electron-ion plasma with motionless ions
and degenerate electrons, and degenerate electron-positron plasmas. We also present the non-linear
Pauli equation with the spinor pressure term containing described effects. The thermal part of the
flux of spin current existing in the spin current evolution equation is also derived. We also consider
the contribution of the TPSC in the grand generalized vorticity evolution.
PACS numbers: 75.30.Ds, 52.30.Ex, 52.27.Ep
Keywords: spin current, quantum plasmas, quantum hydrodynamics, equation of state, separate spin evolu-
tion
I. INTRODUCTION
Almost 15 years the spin-1/2 quantum plasmas have
been of the center of active consideration. Starting from
the explicit derivation of the continuity, Euler, and the
magnetic moment evolution (the Bloch equation) equa-
tions from the many-particle Pauli equation in 2001 [1],
[2], which contains the derivation of the Coulomb and
spin-spin exchange correlations, analysis of many collec-
tive phenomena has been performed. Contribution of
the spin dynamics (the magnetic moment dynamics) in
the plasma properties have been calculated during these
research. First of all the spin contribution in plasma dy-
namics arises via the force of the spin-spin interaction
existing in the Euler equation, requiring the account of
the Bloch equation.
On this path there have been studied the shift of the
electromagnetic wave frequency [3], the increase of the
fast magnetosonic mode frequency and the decrease of
the slow magnetosonic mode frequency [4], [5], the inter-
action of the magnetosonic waves in the spin-1/2 quan-
tum plasmas [6], reduction of the energy transport in
the quantum spin-1/2 plasmas due to the modification of
the group velocity of the extraordinary wave at the cer-
tain range of wave numbers [7], widening of the solitary
magnetosonic waves by a pressurelike term with negative
sign caused by spin-spin interaction force [8], non-linear
whistlers in the strongly magnetized high density plas-
mas forming the large-scale density fluctuations [9], in-
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vestigation of the magnetic diffusivity and obtaining that
the magnetic diffusivity plays a dominant role for the
transition from the solitary wave to shock wave for arbi-
trary amplitude magnetosonic waves [10], detailed anal-
ysis of the small and arbitrary shock structures in spin
1/2 quantum plasma [11], composite nonlinear structures
within the magnetosonic soliton interactions [12], the dy-
namics of small but finite amplitude magnetosonic waves
exhibits both oscillatory and monotonic shock-like per-
turbations significantly affected by the spin-spin interac-
tion [13], circularly polarized Alfven solitary waves with
Gaussian form surrounded by smaller sinusoidal varia-
tions in the density envelope [14], the modification of the
RayleighTaylor instability [15].
The described phenomena, in some form, exist in spin-
less plasmas, while there are some plasma effects requir-
ing the spin of particles. On this path the following
purely spin plasma phenomena have been found: the
spin-plasma waves [3], [16], [17], [18], [19], [20], [21],
[22], the spin-electron acoustic waves [23], [24], which
are possibly related to the high-temperature supercon-
ductivity [25], the spin-electron acoustic soliton [26], the
spin (quantum) vorticity [22], [27], [28], the spin caused
modulational instability of the magnetosonic waves in the
dense quantum plasma [29], spin instabilities caused by
specific equilibrium distribution functions [30], instability
of the plasma and spin-plasma waves at the propagation
of the spin polarized neutron beam through the magne-
tized spin-1/2 plasmas arising due to the spin-spin and
spin-current interactions Ref. [19], [31]. Some effects are
reviewed in Ref. [32].
Moreover, the spin gives the contribution in the plasma
dynamics via the modification of the Fermi pressure [23],
[33] and due to the account of the spin current evolution
2[34].
The magnetization enters the spectrum of Langmuir
waves propagating parallel to the external magnetic field
due to the modification of the Fermi pressure [23], [33].
Increase of the spin polarization of electrons increases
the Fermi pressure up to 60 percent. The contribution of
this phenomenon can be also found in many other plasma
effects.
The spin current tensor arises in the Bloch equation.
Usually we present it in terms of other hydrodymical
variables, applying Takabayasi’s results for single particle
hydrodynamics [35], to truncate the set of quantum hy-
drodynamic (QHD) equations dropping its thermal part.
However, we can find an equation for dynamical evolution
of the spin current under influence of the electromagnetic
field [34], [36], [37], [38], [39], but it does not give the
thermal part of the spin current. In the general form the
spin current evolution equation contains a pressure like
term (the thermal part of the spin current flux), but no
explicit form for this term has been found. Therefore this
term has been dropped in earlier research. Let un men-
tion now that in this paper we present the thermal part
of the spin current (TPSC) and the thermal spin current
flux for the degenerate electron gas, where the described
quantities are caused by the Pauli blocking principle like
the Fermi pressure in the Euler equation.
The spin current plays an important role in the quan-
tum plasma physics. However, it is also in the center of
attention in the condensed matter physics, especially in
the application to spintronics. Spintronics is related to
the spin-dependent electron transport phenomena [40].
For the modeling of effects related to the spin currents
the analytical definition of the spin current in terms of
an effective single particle wave function is developed in
Refs. [41]-[44]. Necessity of application of the full current
composed of the spin and orbital currents is suggested in
Ref. [45]. Methodology of these research differs from the
quantum hydrodynamics, where the spin current arises as
a part of hydrodynamic variable set for the description
of collective phenomena.
A special case of spin-1/2 quantum plasma modeling
is the separate description of the spin-up and spin-down
electrons. In this picture we do not consider electrons as
a single fluid [1], [3], [46], but we consider the electrons as
two interacting fluids [23], [47], [48], [49]. Since the Fermi
pressures of the spin-up and spin-down magnetized elec-
trons are different, the two fluid model gives extra longi-
tudinal waves in the electron gas [23], [24]. These waves
are related to relative motion of the spin-up and spin-
down electrons and called, due to their spectrum prop-
erties, the spin-electron acoustic waves (SEAWs). If we
consider the wave propagation parallel or perpendicular
to the external magnetic field we find a single SEAW
[23]. While, at the oblique propagation, we find two
branches of the SEAWs [24]. These modes are affected
by the Coulomb exchange interaction [26]. The nonlin-
ear SEAWs propagating parallel to the external magnetic
field were considered, the existence of the spin electron
acoustic soliton was demonstrated [26]. It was shown
that interaction of electrons via the spelnons (the quan-
tum of the SEAWs) gives a mechanism of the Cooper
pairs formation [25]. This kind of Cooper pairs gives
a mechanism of the high temperature superconductivity
[25]. The thermal part of the spin current contributes in
the separate spin evolution QHD either. Thus its deriva-
tion is essential for all forms of spin-1/2 QHDs.
QHD models are related to the specific form of the
wave equation (Schrodinger, Pauli, or Dirac). In Ref.
[50] developed a general first-principle theory of resonant
nondissipative vector waves assumes no specific wave
equation.
Quantum properties of plasmas are also caused in the
exchange interaction, but we do not consider it here. For
the description and discussion of the exchange interaction
in quantum plasmas see the following recent papers [2],
[26], [33], [51], [52], [53], [54], [55].
Methodology of the many-particle quantum hydrody-
namics can be applied to the derivation of the quantum
kinetic equations for spinning particles [56], which is an
analog for the Wigner function method [57].
Majority of effects in spin quantum plasma and spin
related effects in condensed matter physics can be af-
fected by the thermal part of the spin current. Thus,
we obtain it here for the degenerate electron gas, so the
thermal part of the spin current is related to the par-
ticle distribution under the Fermi step. It arises in the
magnetic moment evolution equation. In its nature it
does not related to the interparticle interaction. If one
considers the spin-1/2 quantum plasmas with the spin-
orbit interaction, when the spin current tensor arises in
the force field in the Euler equation and the spin torque
in the magnetic moment evolution equation [19]. In this
regime the thermal part of the spin current contribution
arises there either. Applying the thermal part of the
spin current to different quantum plasma phenomena we
consider the spin-plasmas waves propagating parallel and
perpendicular to the external field in the electron-ion and
the electron-positron plasmas, the thermal part of the
spin current in the quantum vorticity, and calculate the
thermal part of the spin current flux existing in the spin
current evolution equation.
This paper is organized as follows. In Sec. II we
present the basis of our model. We present the non-linear
Pauli equation with the spinor pressure. We also describe
the derivation of QHD equations from the microscopic
model. In Sec. III we introduce the velocity field in the
QHD equations and show the existence of the TPSC in
the Bloch equation. In Sec. IV we present the explicit
form of the thermal part of the spin current for the de-
generate electron gas arising from the non-linear Pauli
equation suggested in Sec. II. Corresponding modifica-
tion of the quantum vorticity evolution equation is also
described in Sec. IV. In Sec. V we present the thermal
part of the spin current flux existing in the spin current
evolution equation. This result is also based on the non-
linear Pauli equation. In Sec. VI and below we apply
3the obtained model to the wave dispersion in plasmas.
In Sec. VI we consider the contribution of the TPSC in
spectrum of plasma waves, especially spin-plasma waves.
In Sec. VII we show contribution of the thermal part
of the spin current in the quantum hydrodynamic model
of the electron-positron plasmas. In Sec. VIII we con-
sider spectrum of the quantum electron-positron plasmas
arising from presented model. In Sec. IX a summary of
obtained results is presented.
II. MODEL: QHD EQUATIONS
A. Non-linear Pauli equation
Equations of the spin-1/2 quantum hydrodynamics can
be represented as the Non-linear Pauli equation [1]. It is
similar to the spinless case when the continuity and Euler
equations can be represented as the single fluid effective
non-linear Schrodinger equation [53]. Even spin-orbit in-
teraction [19] and other relativistic effects [22], [58] can
be included in non-linear effective equations. Nonlinear-
ity is caused by different factors: the many-particle in-
teraction effect and the pressure, particularly the Fermi
pressure. The non-linear Schrodinger equation for two-
and three-dimensional degenerate electron gases contain-
ing the Fermi pressure and the Coulomb exchange inter-
action for the partially polarized electron gas is obtained
in Ref. [33]. However, the partial spin polarization in the
Fermi pressure presented in the scalar form. If we want to
include the spin separation effect revealing in two fluid
model of electrons [23], [24], [49] we can construct the
non-linear Pauli equation containing the pressure in the
spinor form:
pi =
(
pi↑ 0
0 pi↓
)
, (1)
which arises as a diagonal second rank spinor.
Subindexes ↑ and ↓ refer to the spin-up and spin-down
electrons. It can be represented in term of the Pauli ma-
trixes pi = pi↑(ˆI + σ̂z)/2 + pi↓ (ˆI − σ̂z)/2, where Iˆ is the
unit second rank spinor Iˆ =
(
1 0
0 1
)
, and σ̂z is one of
the Pauli matrixes σ̂z =
(
1 0
0 −1
)
.
In accordance with the Fermi pressures for the spin-
up and spin-down electrons, pis, with s =↑, ↓, has the
following explicit form pis = (6pi
2)2/3h¯2n
2/3
s /2m. Here we
have the mass of particlesm, the reduced Planck constant
h¯ = 1.06× 1027 erg·s, and the concentrations of spin-1/2
particles with the different spin projections on a chosen
direction ns.
In accordance with Refs. [1], [19], [23] we can construct
the non-linear Pauli equation with the Fermi pressure in
the spinor form (1). We have
ıh¯∂tΦ(r, t) =
(
1
2m
D̂
2
+ pi + qϕ− γσ̂B
)
Φ(r, t), (2)
where D̂ = D̂(r, t) = p̂− (q/c)A(r, t), q is the charge of
particles, c is the speed of light, ϕ is the scalar potential
of the electromagnetic field, B is the magnetic field, A
is the vector potential of the electromagnetic field, hence
B = ∇ × A, γ is the magnetic moment of particles, σ̂
is the vector composed of the Pauli matrixes, Φ is the
macroscopic spinor wave function related to the full con-
centration of particles as follows Φ∗(r, t)Φ(r, t) = n(r, t).
We should mention that equation (2) is actually in par-
tial agreement with Ref. [23]. It corresponds to Ref.
[23] in order of separate description of the spin-up and
spin-down fermions and appearance of the partial Fermi
pressures for each species of electrons. However equation
(2) leads to a thermal part of the spin current, which was
not presented in Ref. [23].
NLSE (2) can be represented as the single fluid QHD
of electrons or as the two fluid model with the separate
spin evolution at our choice.
In the context of the model (1), (2) we need to men-
tion an excellent example of NLSEs applying at the study
of Bose-Einstein condensates (BECs). It is well-known
Gross-Pitaevskii equation. Its traditional form allows to
model behavior of scalar particles (particles with zero
spin or located in a single hyperfine state). However, the
generalization of the Gross-Pitaevskii equation was sug-
gested for the spinor BECs (the spin-1 and spin-2 bosons)
with evolving occupations of three or five hyperfine states
[59]-[63]. As it is shown in the mentioned papers, the evo-
lution of the occupations leads to appearance of the spin
waves. These waves are similar to the spin-plasma waves
found for the magnetized spin-1/2 plasmas [3], [16], [17].
We should mention that in the neutral boson the nonlin-
earity in the NLSE is caused by the short range interac-
tion [59]-[63], while in plasmas it is related to the Fermi
pressure and the electromagnetic interaction.
B. First principles derivation of many-particle
QHD equations
The particle concentration is the quantum mechani-
cal average of the operator constructed using the classic
microscopic concentration
n(r, t) =
∫
Ψ+(R, t)
N∑
i=1
δ(r− ri)Ψ(R, t)dR, (3)
where we integrate over the 3N dimensional configura-
tional space, dR =
∏N
i=1 dri, and the sum of the Dirac
delta functions is the operator of microscopic concentra-
tion.
Application of the microscopic concentration in clas-
sical physics allows to derive set of hydrodynamic-like
equations [64], [65]. An explicit averaging of the mi-
croscopic concentration allows to obtain hydrodynamic
equations for smooth functions describing macro behav-
ior of mediums [66], [67], [68] (for more details see [69]).
Similarly, an appropriate definition of the quantum many
4particle concentration allows us to derive the set of quan-
tum hydrodynamic equations with a truncation at nec-
essary step.
To perform this derivation we need the explicit form of
the Hamiltonian of the many-particle Schrodinger (Pauli)
equation ıh¯∂tΨ = HˆΨ. To include the major proper-
ties of the spin-1/2 electron-ion plasmas we include the
Coulomb and spin-spin interaction
Hˆ =
∑
i
(
1
2mi
D2i + qiϕ
ext
i − γiσ̂αi Bαi(ext)
)
+
1
2
∑
i,j 6=i
(qiqjGij − γiγjGαβij σαi σβj ), (4)
where Di = −ıh¯∇i + qiAi,ext/c. Below we also con-
sider the electron-positron plasmas. Features of spin-
1/2 electron-positron plasmas obtained in Ref. [22] will
be briefly reviewed in the light of results of this paper.
The complete model of spin-1/2 electron-positron plas-
mas will be applied to study the spectrum of the spin-
plasma waves [3], [16], [17], [22].
Let us describe meaning of different terms in Hamil-
tonian (4) and describe notations applied there. Hamil-
tonian (4) is composed of the kinetic energy operator,
the potential energy of charges in the external electric
field, the potential energy of the magnetic moments in
the external magnetic field, the Coulomb interaction be-
tween charges, and the spin-spin interaction via the mag-
netic field created by the magnetic moments, correspond-
ingly. Subindexes i and j are the numbers of particles,
qi and mi are the mass and charge of ith particle, γi
is the magnetic moment of ith particle, for electrons γi
reads γe = geqeh¯/(2mec), qe = −|e|, and ge ≈ 1.00116,
difference of ge from the unit caused by the anomalous
magnetic dipole moment. The Green functions of the
Coulomb, and the spin-spin interactions have the follow-
ing form Gij = 1/rij , G
αβ
ij = 4piδ
αβδ(rij) + ∂
α
i ∂
β
i (1/rij).
We see that the Coulomb interaction is described by the
scalar Green function, which is a solution of the Poisson
equation ∇E = 4piρ, where ρ is the charge density. The
Green function of the spin-spin interaction arises as a sec-
ond rank symmetric tensor. It occurs as a solution of the
following equations ∇×B = 4pi∇×M and ∇B = 0. In
the Green function of the spin-spin interaction we apply
the Kronecker symbol δαβ for the space components of
vectors, which is the tensor representation of the unit ma-
trix. The quantities ϕexti = ϕ(ri, t),Ai(ext) = A(ri, t) are
the scalar and the vector potentials of the external elec-
tromagnetic field: B(ext)(ri, t) = ∇i ×A(ext)(ri, t), and
E(ext)(ri, t) = −∇iϕext(ri, t) − 1c∂tAext(ri, t). Operator
σ̂αi are the Pauli matrixes, the commutation relations for
them are [σ̂αi , σ̂
β
j ] = 2ıδijε
αβγ σ̂γi , where we employ the
Kronecker symbol on the particle numbers, which means
that the commutator is equal to zero if we take the Pauli
matrixes describing different particles. The commutator
contains the Levi-Civita symbol εαβγ , which is a third
rank antisymmetric tensor.
The method under description describes multi species
plasmas, such as electron-ion, electron-positron, or more
complicate mixtures of species. However, for simplicity
of presentation we focus our attention on a single species.
We can do it since derivations of equations for different
species are almost independent from each other. More
explicit description of the derivation for electron-ion plas-
mas is described in Ref. [70] (see formulae (28)-(45)).
At the first step, differentiating the particle con-
centration (3) with respect to time and applying the
Schrodinger equation with the Hamiltonian (4) we find
the continuity equation
∂tn+∇j = 0. (5)
At derivation of the continuity equation (5) the explicit
form of the particle current (the momentum density) ap-
pears as
j =
∫ N∑
i=1
δ(r− ri) 1
2mi
(
Ψ+(R, t)DiΨ(R, t) + h.c.
)
dR,
(6)
where h.c. means the hermitian conjugation.
Next we differentiate the particle current (6) with re-
spect to time and find the momentum balance equation
∂tj
α +
1
m
∂βΠαβ =
1
m
Fα, (7)
where Παβ is the momentum flux, and F is the force field.
Force field consists of two parts
F = Fext + Fint. (8)
The explicit form of the momentum flux arises at the
derivation of the Euler equation as follows
Παβ =
∫ N∑
i=1
δ(r− ri) 1
2mi
(
Ψ∗(R, t)Dˆ
β
i Dˆ
α
i Ψ(R, t)
+ (Dˆ
β
i Ψ)
+(R, t)Dˆ
α
i Ψ(R, t) + h.c.
)
dR. (9)
The first term in formula (8) is the force of the particle
interaction with the external field
Fext = qnEext +
q
c
j×Bext +Mβ∇Bβext. (10)
It consists of three terms describing the action the elec-
tric field on charges, the action of magnetic field on the
moving charges, and the action of the external magnetic
field on the magnetic moments, correspondingly.
The force field (10) contains an extra function. In the
last term we meet the magnetic moment density (the
magnetization) M:
M(r, t) =
∫ N∑
i=1
δ(r− ri)γiΨ+(R, t)σ̂iΨ(R, t)dR. (11)
5The second part of the force field (8) describes the
Coulomb and spin-spin interparticle interactions
Fint = −q2
∫
(∇G(r− r′))n2(r, r′, t)dr′
+
∫
(∇Gβγ(r− r′))Mβγ2 (r, r′, t)dr′, (12)
where
n2(r, r
′, t) =
∫ ∑
i,j 6=i
δ(r− ri)δ(r− r′j)Ψ∗(R, t)Ψ(R, t)dR
(13)
is the two-particle concentration, and
Mαβ2 (r, r
′, t) =
∫ ∑
i,j 6=i
δ(r− ri)δ(r− r′j)×
× γiγjΨ∗(R, t)σαi σβj Ψ(R, t)dR (14)
is the two-particle magnetization.
We have presented a general derivation of the Eu-
ler equation from the many-particle Schrodinger equa-
tion. Therefore, the force field (12) arose beyond the
self-consistent field approximation. Extracting the self-
consistent field we can present a general two particle func-
tion in the following form f2(r, r
′, t) = f(r, t)f(r′, t) +
g2(r, r
′, t), where we have introduced the correlation
function g2(r, r
′, t). In this paper we restrict our anal-
ysis by the self-consistent field approximation. Hence we
drop the correlations. We consider the two particle con-
centration as the product of the particle concentrations
n2(r, r
′, t) = n(r, t)n(r′, t). Similarly, for the two-particle
magnetization we present it as the product of the magne-
tization Mαβ2 (r, r
′, t) = Mα(r, t)Mβ(r′, t). Account of the
exchange interaction leads us beyond the self-consistent
field approximation. Corresponding references are pre-
sented in the introduction. Let us mention that most
of sited particles are focused on the Coulomb exchange
interaction. The spin-spin exchange interaction is con-
sidered in Ref. [2].
The self-consistent electric and magnetic fields appear
in the following form
E = −q∇
∫
G(r, r′)n(r′, t)dr′, (15)
and
Bα =
∫
Gαβ(r, r′)Mβ(r′, t)dr′, (16)
or, in more explicit, vector, form we have
B = ∇
∫ [(
∇ 1| r− r′ |
)
M(r′.t)
]
dr′ + 4piM. (17)
The introduced electric (15) and magnetic (16) fields
satisfy the quasi static Maxwell equations ∇E = 4piρ,
∇×E = 0, ∇×B = 4pi∇×M, ∇B = 0, where ρ is the
charge density.
In the self-consistent field approximation the full force
field can be presented as follows
F = qnE+
q
c
nv×B+Mβ∇Bβ . (18)
Considering the time evolution of the magnetic mo-
ment density defined by formula (11), and applying the
Schrodinger equation with Hamiltonian (4), we find, in
the self-consistent field approximation, the magnetic mo-
ment evolution equation
∂tM
α +∇βJαβ = 2γ
h¯
εαβγMβBγ (19)
containing the spin current tensor
Jαβ =
∫ N∑
i=1
δ(r − ri) γi
2mi
×
×
(
Ψ+(R, t)Dˆ
β
i σ̂
α
i Ψ(R, t) + h.c.
)
dR. (20)
General form of the magnetic moment evolution equation
can be found in Ref. [1] (see formula 30).
III. INTRODUCTION OF THE VELOCITY
FIELD
In traditional classic and quantum hydrodynamic
equations we do not meet the particle current (the mo-
mentum density) j, the momentum flux tensor Παβ , and
the spin current Jαβ . Instead we meet the velocity field
v, thermal pressure tensor Pαβ , and expect to see the
thermal part of the spin current Jαβth , which has been
assumed to be equal to zero. Therefore, it is our job to
separate the center mass motion and the thermal motion.
This problem was considered, for instance, in Refs. [1],
[21], [71]. In spinless case it was effectively addressed by
the Madelung decomposition [53] applied for the many-
particle wave function. For the spin-1/2 particles this
problem requires a generalization of the Madelung de-
composition, see for instance [35], presented by formula
ψ(r, t) = a(r, t)eıS(r,t)/h¯φ(r, t), (21)
which contains the unit spinor φ(r, t). Its explicit form
is
φ(r, t) =
(
cos(θ/2)eıϕ/2
ı sin(θ/2)e−ıϕ/2
)
. (22)
This spinor satisfy the next condition φ+φ = 1. The
generalization Madelung decomposition contains a and
S, which are the amplitude and phase of wave function
correspondingly. Same representation can be applied to
6the macroscopic wave function obeying the NLSE (2)
and microscopic many-particle wave function obeying the
Schrodinger equation with Hamiltonian (4).
Since our analysis is focused on the spin current let
us present the explicit form for the spin current for the
single particle in the external field
Jαβsp = γns
αvβ − h¯γ
2m
εαµν
(
nsµ∂βsν
)
(23)
arising from the generalized Madelung decomposition,
where n(r, t) =| ψ(r, t) |= a2 is the single-particle con-
centration, s = φ+σ̂φ is the single-particle spin field, σ̂
are the Pauli matrixes, v = ∇S/m − (ıh¯/m)φ+∇φ −
(q/mc)A is the single particle velocity field. The first
term is the kinetic (classic-like) part of the spin current
and the second term is the quantum part of the spin cur-
rent, which is an analog of the quantum Bohm potential
being the quantum part of the pressure.
At the analysis of many particle behavior we obtained
more general formula, which contains an extra term
Jαβ = Mαvβ − h¯
2mγ
εαµνMµ∂β
(
Mν
n
)
+ Jαβth . (24)
This term is related to incoherent motion of spinning par-
ticles and presents the thermal part of the spin current.
In the many particle case formula vi(R, t) =
∇iS(R, t)/mi − (ıh¯/mi)φ+(R, t)∇φ(R, t) − (qi/mic)Ai
describes quantum velocity of ith particle in the system.
The velocity field is defined as v = j/n. The difference
between the particle velocities and the local center of
mass velocity (the velocity field) gives us the thermal ve-
locity of particles. Similar description can be given for
the collective part and thermal part of the spin density,
for details see Ref. [71].
Application of the generalized Madelung decomposi-
tion to the momentum flux tensor Παβ in the many par-
ticle Euler equation gives the following result Παβ =
mnvαvβ + Pαβ + Tαβ , where Pαβ is the thermal pres-
sure, and Tαβ is the quantum part giving the quantum
Bohm potential. Similar picture arises for the spin cur-
rent Jαβ = nµαvβ +Jαβquant+J
αβ
th , whereM = nµ, J
αβ
quant
is the quantum part of the spin current [35], [71], and Jαβth
is the thermal part of the spin current [1], [71]. Substi-
tuting the particle current j = nv, the momentum flux
Παβ , and the spin current Jαβ in the continuity, Euler
and magnetic moment evolution equations we obtain for
them the following representation:
∂tn+∇(nv) = 0, (25)
mn(∂t + v∇)v+∇P− h¯
2
4m
n∇
(
△n
n
− (∇n)
2
2n2
)
+
h¯2
4mγ2
∂β
(
n(∂βµγ)∇µγ
)
= qnE+
q
c
nv×B+Mβ∇Bβ ,
(26)
and
n(∂t+v·∇)µ− h¯
2mγ
∂β [nµ, ∂βµ]+ℑ =
2γ
h¯
n[µ,B]. (27)
This derivation shows that even in the self-consistent
field approximation we have two unknown functions in
the quantum hydrodynamic equations. These are the
thermal pressure and the thermal part of the spin cur-
rent. We call these parts the thermal parts since they
are related to the distribution of particles on different
quantum states. While the distribution in the form of
Fermi step existing in fermions at the zero temperature
also gives us some ”thermal” parts. The Fermi pressure is
one of well-known equations of state for the pressure. The
Fermi pressure gives pressure of the unpolarized spin-1/2
fermions at zero temperature. In this paper we consider
partially spin polarized electrons at temperatures mach
smaller than their Fermi temperature. In our regime the
pressure reads [33]
Psf =
(3pi2)
2
3
10
h¯2
m
[(
n+
Mz
γ
) 5
3
+
(
n− Mz
γ
) 5
3
]
, (28)
where subindex ”sf” reads single fluid. Here we refer
to the single fluid model of electrons, while all plasma
is considered as many fluid liquids and each species is
considered as a fluid. Recently a two fluid model of spin-
1/2 fermions was developed [23], [24], [49], where the
spin-up and spin-down electrons are considered as two
different fluids. We will apply this model to derivation of
the thermal part of the spin current in the next section.
To the best of our knowledge it is impossible to give
a straightforward derivation of the NLSE (2) from the
single fluid QHD, as it was done for the spinless regime
[53]. However we can justify the NLSE deriving the QHD
equations from the NLSE as it was done in [1].
IV. EQUATION OF STATE FOR THE
THERMAL PART OF THE SPIN CURRENT
In previous section we have demonstrated the existence
of the thermal part of the spin current and formulated the
problem of finding an equation of state for the thermal
part of the spin current.
In terms of the macroscopic effective wave function
Φ(r, t) (2) the particle concentration n, particle current
j, and the magnetizationM appear as follows n = Φ+Φ,
j = (Φ+DΦ+(DΦ+)Φ)/2m,M = γΦ+σ̂Φ. Differentiat-
ing these functions with respect to time we find equations
(25), (26), (27) derived from microscopic model in Sec.
II. Thus, we see that the NLSE (2) is in agreement with
the single fluid model of electrons. It is easy to see that
the spinor pressure (1) introduced in NLSE (2) leads to
the agreement of equation (2) with the two fluid model
of electrons (the separate spin evolution QHD) developed
in Refs. [23], [24], [49]. However, in addition, we find an
7explicit form for the thermal part of the spin current
ℑα = ∂βJαβth = γe
(6pi2)2/3h¯
me
(n
2/3
↑ − n2/3↓ ){Sy,−Sx, 0}
= εαβzSβγe
(6pi2)2/3h¯
me
(n
2/3
↑ − n2/3↓ ). (29)
Let us rewrite formula (29) in the vector form and repre-
sent it in terms of the single fluid hydrodynamic model
ℑ = (pi↑ − pi↓)[M, ez ]/h¯
=
(3pi2)2/3h¯
me
[(
n− Mz| γe |
)2/3
−
(
n+
Mz
| γe |
)2/3]
[M, ez].
(30)
Formulae (29) and (30) show that the term caused by
the pressure in the NLSE (2) reveals in the magnetic
moment evolution equation as a torque of an effective
force ∼ [M, ez].
In the regime of the small magnetization limit formula
(30) transforms to
ℑ = −4(3pi
2)2/3h¯
3me
Mz
n1/3
[S, ez], (31)
where we have used the spin density S = M/γ. In the
small magnetization limit the spin current ℑ is propor-
tional to the square of the spin density. As in the general
case (30), the spin current is proportional to n5/3, since
S ∼ n.
The Landau-Lifshitz-Gilbert equation does not include
the quantum part of the spin current [72], [73]. The con-
vective part of the spin current is some times included
in the Landau-Lifshitz-Gilbert equation: It is included,
for instance, in Refs. [22], [73]; as a recent example of
the Landau-Lifshitz-Gilbert equation without the con-
vective part of the spin current see [72]. Some general-
izations of the Landau-Lifshitz-Gilbert equation are pre-
sented in literature. For instance, a nutation term is in-
troduced in Ref. [72], where it is substituted in the atom-
istic Landau-Lifshitz-Gilbert equation [74]. The Landau-
Lifshitz-Gilbert equation successfully describes the mag-
netic moment precession around and its relaxation to-
wards the effective field acting on the magnetization on
time scales down to femtoseconds [75], [76].
A. Contribution of thermal part of spin current in
quantum vorticity
Considering quantum vorticity caused by the spin of
particles, the quantum vorticity evolution equation has
been found (see formula (13) in Ref. [27] and formula
(4.6) in Ref. [77]). The quantum vorticity has been com-
bined with the classical vorticity to obtain the grand gen-
eralized vorticity [27].
In this section we consider the contribution of the ther-
mal part of spin current ℑ in the grand generalized vor-
ticity dynamics.
Quantum vorticity is defined in terms of the spin den-
sity S and particle concentration n [27], [77]
Ωαq =
1
2
εαβγεµνσ
(
Sµ
n
)
∂β
(
Sν
n
)
∂γ
(
Sσ
n
)
, (32)
see for instance formula 12 and text below in Ref. [27]
and formulae (4.10) and (4.11) in Ref. [77].
Differentiating definition (32) with respect to time and
applying the quantum hydrodynamic equations (25)-(30)
we find the quantum vorticity evolution equation
∂tΩq = ∇× (v×Ωq) + q
mc
∇
(
Sβ
n
)
×∇Bˆβmod, (33)
where B̂mod = B̂ + (pi↓ − pi↑)ez/2γ and B̂ = B +
(h¯c/2qn)∂β(n∂β(S/n)). We see that the effective mag-
netic field Bˆ is composed of the magnetic field B and
the contribution of the quantum Bohm potential in the
magnetic moment evolution equation (the quantum part
of the spin current). While the classical vorticity Ωc =
∇× (A+mcv/q) obeys the following equation
∂tΩc = ∇× (v×Ωc) + q
mc
∇
(
Sβ
n
)
×∇Bˆβ , (34)
as it was shown in Refs. [27], [77].
Constructing the grand generalized vorticities follow-
ing Ref. [27] we have
Ω± = Ωc ± h¯c
2q
Ωq (35)
and find that the thermal part of the spin current change
the canonical form of vortex dynamics for Ω−, since Ω−
satisfy the following equation
∂tΩ− = ∇× (v×Ω−)+ c
2q
∇
(
Sz
n
)
×∇(pi↑ −pi↓). (36)
The first two terms in equation (36) gives the canonical
form of the vorticity evolution equation leading to the
helicity conservation. The last term describes the con-
tribution of the thermal part of the spin current. It is
a generalization of equation obtained in Ref. [77] (see
formula (4.7)).
Takabayasi’s works [78], [79], [80], [81] provide us with
the quantum vorticity research. The quantum relativis-
tic vorticity (see formula (II) on page 17 of Ref. [82]) and
corresponding four-vector Clebsch potential (the last re-
lation in formula (f) on page 26 of Ref. [82]) can be found
in Ref. [82]. Recent study of the vorticity structures can
be found in Ref. [28]. Quantum spirals explicitly arising
from the Pauli equation are considered in Ref. [83].
8V. THERMAL PART OF THE FLUX OF THE
SPIN CURRENT
The quantum hydrodynamic equations, as the classic
hydrodynamics, are not restricted by the continuity, Eu-
ler and magnetic moment evolution equations. They can
include the energy, pressure, thermal flux evolution equa-
tions, as it is well known from the classic five and thir-
teen moment models. In the spin-1/2 quantum plasmas
we can derive the spin current evolution equation [34].
This equation can be derived directly from the many-
particle Schrodinger (Pauli) equation [34], or we can cal-
culate moments of the distribution functions [20], [37],
[38], [56]. However the past derivations have not pre-
sented the thermal part of the flux of spin current, which
existing in the spin current evolution equation.
In this section we present a derivation of the thermal
part of the flux of spin current applying the NLSE (2).
In terms of the many-particle effective wave function
Φ(r, t) (2) the spin current arises as Jαβ = γ(Φ+Dβ σ̂αΦ+
(Dβσ̂αΦ+)Φ)/2m. Applying this definition we derive the
spin current evolution equation containing the thermal
part of the spin current flux
∂tJ
αβ + ∂γ(Jαβvγ) + εαγzJγβ
pi↑ − pi↓
h¯
=
q
m
MαEβ
+
q
mc
εβγδJαγBδ +
γ2
m
n∂βBα − 2γ
h¯
εαγδBγJδβ (37)
using the NLSE (2) for the macroscopic wave function
Φ time evolution. The quantum part of the spin current
flux was considered in Ref. [36]. The divergence of the
thermal part of spin current flux is presented by the third
term on the left-hand side. On the right-hand side of
equation (37), the contribution of the electromagnetic
interaction in the spin current evolution is presented.
The obtained term is nonzero in the linear regime for
the magnetized plasmas or magnetized dielectrics. Con-
sequently, it gives a contribution in the wave dispersion.
If we want to derive an extended set of QHD equa-
tions containing the energy evolution [1], [53], pressure
evolution, and spin current evolutions we do not have to
use kinetic equations [20], [37], [38], we can derive the
hydrodynamic equations directly from the microscopic
Schrodinger equation [1], [34], [53] or some other meth-
ods [84]. Explicit contribution of the quantum Bohm po-
tential in the energy evolution of spin-1/2 particles was
derived in Ref. [85].
VI. SPIN WAVES IN ELECTRON-ION
PLASMAS
Presence of the spin waves in plasmas and their disper-
sion was found in 2006 in Ref. [16] by the application of
the hybrid kinetic-hydrodynamic method, where the par-
ticle motion was described by the Vlasov equation, and
the spin dynamics was described by the hydrodynamic
like magnetic moment evolution equation. Waves prop-
agating perpendicular to the external field were found
there. The necessity of the anomalous magnetic moment
of the electron was demonstrated there. Similar solution
in terms of purely hydrodynamic description was found
in Ref. [3]. Since hydrodynamic description does not
show the cyclotron resonances the anomalous magnetic
moment was not include to distinguish the spin mode
from the charge waves. Applying kinetics in the extended
phase space, including two extra dimensions caused spin
direction evolution similar spin wave was obtained in Ref.
[17]. Contribution of the quantum Bohm potential, ex-
isting in the magnetic moment evolution equation [35],
in the spectrum of the spin waves was later found in
Ref. [21]. Features of spin-plasma waves in the electron-
positron plasmas arising due to the annihilation inter-
action in presence of the quantum Bohm potential were
considered in Ref. [22].
Spin also gives contribution in longitudinal waves. For
instance, it arises in the spectrum of Langmuir waves via
the spin-orbit interaction [86].
We consider the high frequency oscillations, hence we
assume that ions are motionless. We consider the elec-
trons located in an external magnetic field B0 = B0ez.
We are going to calculate the dispersion of the small
amplitude wave excitations. The equilibrium state is
the macroscopically motionless uniform systems of elec-
trons, described by the equilibrium constant concentra-
tion n0e, which is equal to the concentration of ions n0i,
zero velocity field v0e = 0, zero electric field E0 = 0,
and the equilibrium magnetization. If the magnetization
is caused by the external magnetic field we can write
M0 = n0µ0 = χB0, where χ is the ratio between equilib-
rium magnetic susceptibility and magnetic permeability.
The small perturbations are described by δne, δve, δE,
δµe and δB.
After Fourier transformation of the linearized set of
QHD equations (25)-(30) we find the following set of al-
gebraic equations
ωδn− n0kδv = 0; (38)
−ıωδv+ ıkv˜2Feδn+ ık
h¯2k2
4m2
δn
=
qn0
m
δE+Ωen0[δv, ez] +
n0µ0
m
ıkδBz; (39)
−ıωδµ+
(
h¯µ0
2mγ
k2 +w
)
[ez , δµ]
=
2γ
h¯
B0[δµ, ez] +
2γ
h¯
µ0[ez , δB]; (40)
and
k2δE− k(kE) = ω
2
c2
δE
9+
4piqn0
c2
ıωδv− 4piω
c
n0[k, δµ]− 4piω
c
µ0δn[k, ez ], (41)
where
v˜2Fe =
(3pi2)
2
3 h¯2
6m2
[(
n0+
M0z
γ
) 2
3
+
(
n0−M0z
γ
) 2
3
]
, (42)
or in the small magnetization limit
v˜2Fe ≈
1
3
v2Fe
[
1− 1
9
(
Mz
γn0
)2]
, (43)
and
w =
(3pi2)
2
3 h¯
m
[(
n0 +
M0z
| γ |
) 2
3
−
(
n0 − M0z| γ |
) 2
3
]
(44)
arising from the equations of state for the degenerate
electron gas (28) and (30). Frequency w is the charac-
teristic frequency for the thermal part of the spin cur-
rent. Hence we call it the thermal spin current frequency
(TSCF). It is necessary to compare the extra character-
istic frequency w with the Langmuir frequency, which is
the major characteristic frequency in plasmas. Hence we
present this comparison in Fig. 1. We note that TSCF
arises in systems of neutral particles either.
We express all hydrodynamic variables via the ampli-
tude of the electric field perturbation EA and obtain a
set of three algebraic equations ΛαβEβA = 0.
Our analysis is dedicated to point-like objects: elec-
trons and positrons. Motionless ions are also considered
as point-like objects. Model of the finite radius ions in
electron-ion plasmas was considered in Ref. [87].
A. Propagation parallel to the external field field
Tensor Λαβ can be separated on two parts
Λαβ = Λ
′
αβ + Sαβ . (45)
The first of them related to the charge dynamics
Λˆ′ =

ω2
c2 Ξ− k2z
ω2e
c2
−ıωΩe
ω2−Ω2e
0
ω2e
c2
ıωΩe
ω2−Ω2e
ω2
c2 Ξ− k2z 0
0 0 ω
2
c2 (1−
ω2Le
ω2− 1
3
v2
Fe
k2z
)
 ,
(46)
where Ξ ≡ (1 − ω2Leω2−Ω2e ), Ωe =
qeB0
mec
is the cyclotron fre-
quency for a charge in the magnetic field.
The second part of tensor Λαβ is caused by the spin
dynamics
Sˆ =
k2zωµ
ω2 − Ω˜2γ
 −Ω˜γ −ıω 0ıω −Ω˜γ 0
0 0 0
 , (47)
where Ωγ =
2γ
h¯ B0 + w +
h¯2k2
2m
µ0
γ is the generalized cy-
clotron frequency for a magnetic moment in the magnetic
FIG. 1: (Color online) This figure describes the ratio between
the TSCF and the Langmuir frequency χ = w/ωLe as a func-
tion of the equilibrium concentration lgn0, where the concen-
tration is measured in cm−3, and the external magnetic field
lg B0, where the magnetic field is measured in G.
FIG. 2: (Color online) This figure shows the ratio between the
TSCF and the cyclotron frequency δ = w/ | Ωe |. The upper
figure describes δ as a function of magnetic field at a fixed
equilibrium concentration n0 = 10
23 cm−3. The lower figure
presents δ as a function of the external magnetic field (large
magnetic field) and the equilibrium concentration (small con-
centration).
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field, where the last term gives the quantum part of oscil-
lation, the second term given by formula (44) describes
the collective effect caused by the Pauli principal, and
ωµ = 8piγµ0n0/h¯.
In formulae (46) and (47) we have applied the modified
Fermi velocity v˜Fe (43) arising in accordance with the
modified Fermi pressure (28).
Nonzero perturbations exist if the determinant of ma-
trix Λαβ is equal to zero: det Λˆ = 0. This condition gives
the dispersion dependencies of wave perturbations.
General dispersion equation splits on two equations.
One of them is for the longitudinal perturbations k ‖ ez ‖
δE, and another one is for the transverse perturbations
k ⊥ δE.
For the longitudinal excitations we find the spectrum
of the Langmuir waves
ω2 = ω2Le +
1
3
v˜2Fek
2 +
h¯2k4
4m2e
, (48)
which contains the modified Fermi velocity. Which leads
to the dependence of the Langmuir wave dispersion on
the external magnetic field as it was mentioned in Ref.
[33] and numerically studied in Refs. [23], [24].
For the transverse waves we find the frequency depen-
dence of the refractive index n = kc/ω:
k2zc
2
ω2
=
1− ω2Leω(ω∓Ωe)
1± ωµ
ω∓Ω˜γ
. (49)
Frequency ωµ can be rewritten as ωµ = 4piΩeχe, where χe
is the ratio between equilibrium magnetic susceptibility
and magnetic permeability, as it was presented in Ref.
[3].
Formula (49) can be presented as two equations for
frequency
ω2 − k2zc2 − ω2Le
ω
ω − Ωe −
(kzc)
2ωµ
ω − Ω˜γ
= 0, (50)
for the left circular polarized electric field Ey = ıEx, and
ω2 − k2zc2 − ω2Le
ω
ω +Ωe
+
(kzc)
2ωµ
ω + Ω˜γ
= 0, (51)
for the right circular polarized electric field Ey = −ıEx.
We start the analysis of the spin contribution in the
circularly polarized electromagnetic/spin waves with the
consideration of equation (50). Let us note that Ωe =
− | Ωe | since qe < 0, and Ω˜γ = − | Ω˜γ | since γe <
0, and we have | Ω˜γ |= 2 | γe | B0/h¯ + (µ0e/ | γe |
)h¯k2/2m − w for small enough w. Equation (50) can
be rewritten as follows ω2 − k2zc2 − ωω2Le/(ω+ | Ωe |
) − ωµk2zc2/(ω+ | Ω˜γ |) = 0. The last term changes the
degree of this equation, which leads to extra solution.
This solution is negative ω < 0, hence it does not have
physical meaning. In the small wave vector regime, in
the absence of the external magnetic field, but at the
presence of inner effects creating the spin polarization of
the conducting electrons, or at large TSCF, we have Ωγ =
w > 0, the comparison of the TSCF with the cyclotron
frequency is presented in Fig. 2. This equation reappears
as ω2 − k2zc2 − ωω2Le/(ω+ | Ωe |)− ωµk2zc2/(ω − w) = 0.
In this regime, we find the spin plasma waves with the
left circular polarization. Since ωµ ∼ M0 is rather small,
the last term gives noticeable at ω ≃ w. We find solution
as ω = w+ δω, where δω ≪ w, so we have
ω = w+
ωµk
2
zc
2
w2 − k2zc2 − wω
2
Le
w+|Ωe|
. (52)
As it follows from Fig. 1, for the large concentrations
n0 ∼ 1023 cm−3 and average magnetic fields B0 < 107,
the cyclotron frequency is negligible in compare with the
TSCF. Moreover the TSCF is comparable with the Lang-
muir frequency, but the Langmuir frequency is larger
than the TSCF ωLe > w. Hence, formula (52) can be
simplified to ω = w−ωµk2zc2/(k2zc2+ω2Le−w2). If we do
not make any assumptions about magnitude of the last
term, which is caused by spin evolution, in the dispersion
equation we need to solve it numerically. Solutions are
presented in Figs. 3, 4.
At small wave vectors k the frequency of the ordinary
wave is comparable with the Langmuir frequency. If the
TSCF is comparable we find the hybridization of the or-
dinary wave and the spin-plasma wave depicted in Figs.
3, 4. In middle and lower pictures in Fig. 3 we see the
crossing of the dispersion dependencies of the ordinary
wave and the spin-plasma wave. To sight the hybridiza-
tion we need to decrease the scale of frequencies as it is
shown in Fig. 5 at B0 = 10
4 G.
Let us consider equation (51) describing the trans-
verse waves with the right circularly polarization. Due
to the negative charge of electrons we have ω2 − k2zc2 −
ωω2Le/(ω− | Ωe |) − ωµk2zc2/(ω− | Ω˜γ |) = 0 for small w,
so | Ω˜γ |= 2 | γe | B0/h¯+ (µ0e/ | γe |)h¯k2/2m−w. Since
| Ω˜γ |6=| Ωe | we see that the last term gives an extra
positive solution, in compare with the spinless case, for
the right circularly polarized waves. This solution has
frequency near | Ω˜γ |. Hence, we obtain
ω =| Ω˜γ | − ωµk
2
zc
2
Ω˜2γ − k2zc2 − ω2Le |Ω˜γ ||Ω˜γ |−|Ωe|
(53)
where difference | Ω˜γ | − | Ωe | is equal to (g −
1)eB0/mc + µ0zk
2
zc/ge − w. If contribution of w dom-
inates in Ω˜γ equation (51) does not have extra solution.
To conclude this subsection we note that if we do not
account the thermal part of the spin current or assume
it to be rather small we find the spin-plasma wave as a
part of the right circularly polarized wave spectrum. If
the thermal part of the spin current dominates over the
cyclotron frequency and the quantum part of the spin
current the right circularly polarized spin-plasma wave
does not exist, but we find a left circularly polarized
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FIG. 3: (Color online) This figure presents solutions of equa-
tion (50) giving frequency γ = ω/ | Ωe | as the functions of
the dimensionless wave vector κ = kzc/ | Ωe |= mc
2kz/(eB0).
Equation (50) gives two solutions: the ordinary (electromag-
netic) wave and the spin-plasma wave. At the equilibrium
concentration n0 = 10
23 cm−3 and several values of the mag-
netic field we consider the frequency of these waves as a func-
tion of the wave vector (B0 = 10
3 G, B0 = 10
4 G, B0 = 10
5
G). The upper (lower) line in the upper figure describes the
ordinary (spin-plasma) wave. At the larger magnetic field
these dispersion dependencies cross each other. Hence we
have hybridization of these waves.
spin-plasma wave. For the large enough TPSC we find
hybridization of the spin-plasma wave and the ordinary
electromagnetic wave.
FIG. 4: (Color online) This figure presents solutions of equa-
tion (50) ω(kz) at the equilibrium concentration n0 = 10
23
cm−3 and continuously changing small magnetic field B0.
Here we use the dimensionless wave vector κ = kzc/ | Ωe |=
mc2kz/(eB0). It shows the hybridization of the ordinary elec-
tromagnetic and spin-plasma waves.
FIG. 5: (Color online) This figure shows in more details the
hybridization of the ordinary and spin-plasma waves at B0 =
104 G and n0 = 10
23 cm−3 presented in middle picture in Fig.
3.
B. Propagation perpendicular to the external field
field
Having the generalization of spin-1/2 QHD developed
in 2001 [1] we are going to generalize the spin plasma
wave spectrum calculated in Refs. [3], [16].
In the regime of perpendicular propagation we have
kz = 0. Aiming to study the transverse waves we work
with element Λzz of the dispersion matrix Λ̂. Thus, our
dispersion equation is
Λzz =
ω2
c2
− k2⊥ −
ω2Le
c2
− ωµΩ˜γk
2
⊥
ω2 − Ω˜2γ
= 0. (54)
Using representation ωµ = 4piΩeχe, as it was done in Ref.
[3], the numerator can be rewritten as 4piΩ2ek
2
⊥χe.
Dispersion equation (54) gives two solutions. Their
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general form can be presented analytically:
ω2 =
1
2
[
ω2Le + k
2
⊥c
2 + Ω˜2γ
±
√
(ω2Le + k
2
⊥c
2 − Ω˜2γ)2 + 4ωµΩ˜γk2⊥c2
]
. (55)
Solving equation (54) for the frequencies far from the
shifted cyclotron frequency | Ω˜γ |, and applying the itera-
tion method, we find the contribution of the spin dynam-
ics in the dispersion of the electromagnetic (ordinary)
waves
ω2 = ω2Le + k
2
⊥c
2 +
k2⊥c
2ωµΩ˜γ
ω2Le + k
2
⊥c
2 − Ω˜2γ
. (56)
Considering frequencies near | Ω˜γ | we obtain
ω = |Ω˜γ |
(
1− ωµ
2Ω˜γ
k2⊥c
2
ω2Le + k
2
⊥c
2 − Ω˜2γ
)
. (57)
Solutions (56) and (57) generalize solutions (8) and (9)
found in Ref. [3].
The TSCF can dominate in Ω˜γ in the regime of the
perpendicular propagation. It reveals in the spectrum
similar to the spectrum found and described for the par-
allel propagation.
The fluid moment hierarchy was addressed in Refs.
[20], [37], [38] at the application of the generalized
Wigner kinetics to the spin evolution in quantum plas-
mas. The spinless case was considered in Refs. [39],
[88]. The account of higher moments in hydrodynamics
of spin-1/2 particles generalizes the dispersion equation
for the transverse waves and gives more resonance terms
(see equation (16) in Ref. [20]). That leads to resonances
close to double the cyclotron frequency and close to the
difference of the cyclotron frequency of charge and the
cyclotron frequency of magnetic moment in the external
magnetic field, the last one is shifted by the anomalous
magnetic moment.
The TPSC modifies the cyclotron frequency arising
from the magnetic moment precession. Therefore, effects
described in the previous paragraph can be also affected
by the TPSC.
VII. FEATURES OF QHD MODEL FOR
SPIN-1/2 ELECTRON-POSITRON PLASMAS
The model of spin-1/2 electron-positron plasmas differs
from the model of spin-1/2 electron ion plasmas due to
the existence of the additional interaction between elec-
trons and positrons called the annihilation interaction.
Corresponding hydrodynamic and kinetic models were
recently developed in Ref. [22].
In this paper we generalize the hydrodynamic model
developed in Ref. [22] including the thermal part of the
spin current.
Hamiltonian of the electron-positron plasmas differs
from Hamiltonian (4), as it was demonstrated in Ref.
[22]. The difference arises from the existence of the anni-
hilation interaction. The spinless part of the annihilation
interaction is similar to the Darwin interaction. There-
fore, we include these interactions together:
∆Hˆ = −1
2
N∑
i,j 6=i
piqiqj h¯
2
m2c2
δ(ri − rj)
−
Ne−∑
i=1
Ne−+Ne+∑
j=Ne−+1
piqiqj h¯
2
2m2c2
(3 + σi · σj)δ(ri − rj), (58)
where the first term is the Darwin interaction between
all particles (the electron-electron, positron-positron,
and electron-positron interactions), and the second term
is the annihilation interaction between electrons and
positrons.
Choosing the coefficient in the Hamiltonian of the Dar-
win interaction we follow the Breit Hamiltonian for two
electrons or the pair of electron and positron following
from the quantum electrodynamic scattering amplitude
instead of the Darwin term arising from the Dirac equa-
tion for the single electron in the external field (see book
[89] and discussion in Refs. [86], [90]).
The relativistic part of the kinetic energy gives a con-
tribution similar to the Darwin interaction. Hence it
should be included at the relativistic analysis of some
effects [22], [86]. However, the spectrum of spin-plasma
waves is not affected by this effect, so we do not consider
it here.
In the accordance with the method of many-particle
quantum hydrodynamics described above we find the
continuity equations for the electrons
∂tne +∇ · (neve) = 0, (59)
and the positrons
∂tnp +∇ · (npvp) = 0, (60)
the Euler equations for the electrons
mne(∂t + ve · ∇)ve +∇Pe − h¯
2
4m
ne∇
(
△ne
ne
− (∇ne)
2
2n2e
)
+
h¯2
4mγ2e
∂β
(
ne(∂
βµγe )∇µγe
)
= qeneE+
qe
c
ne[ve,B]
+neµ
β
e∇(Bβ+2pinpµβp )+
piqeh¯
2
m2c2
ne∇(qene+5
2
qpnp), (61)
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and for the positrons
mnp(∂t + vp · ∇)vp +∇Pp − h¯
2
4m
np∇
(
△np
np
− (∇np)
2
2n2p
)
+
h¯2
4mγ2p
∂β
(
np(∂
βµγp)∇µγp
)
= qpnpE+
qp
c
np[vp,B]
+npµ
β
p∇(Bβ+2pineµβe )+
piqph¯
2
m2c2
np∇(qpnp+5
2
qene), (62)
where we have used the reduced magnetization µa de-
fined by the following formula Ma(r, t) = naµa.
Most of the terms in Euler equations (61) and (62) have
same meaning as similar terms in the Euler equation (26)
described after equation (27). However, equations (61)
and (62) contain some new terms specific for electron-
positron interaction. Let us describe them here. These
terms follows from additional part to the Hamiltonian
(58). We have four groups of terms on the right-hand
side of each Euler equation. The account of Hamiltonian
(58) leads to the second part of the third group of terms
and to the existence of the fourth group. The contri-
bution to the third group caused by the spin dependent
part of the annihilation interaction. The first part of the
fourth term is the Darwin interaction of the particles of
the same species. Its second part is the combination of
the interspecies Darwin interaction (1 of 5/2) and the
spinless part of the annihilation interaction (3/2 of 5/2).
The pressures Pe and Pp are given by formula (28).
We also find the magnetic moment evolution equations
for the electrons
ne(∂t + ve · ∇)µe −
h¯
2mγe
∂β [neµe, ∂
β
µe] +ℑe
=
2γe
h¯
ne[µe,B] +
4piγe
h¯
nenp[µe,µp], (63)
and for the positrons
np(∂t + vp · ∇)µp −
h¯
2mγp
∂β [npµp, ∂
β
µp] +ℑp
=
2γp
h¯
np[µp,B] +
4piγp
h¯
nenp[µp,µe]. (64)
Equations (63) and (64) differ from equation (27) by the
last term, which is caused by the spin part of the anni-
hilation interaction (see Hamiltonian (58)). Vectors ℑe
and ℑp are given by formula (30).
VIII. SPIN WAVES IN ELECTRON-POSITRON
PLASMAS
Spin-plasma waves in electron-positron plasmas show
some similarity to the electron-ion spin-plasma waves.
Principal difference is in the existence of the annihilation
interaction.
A. Propagation parallel to the external field field
Looking on matrices (46) and (47) we see that at
consideration of the electron-positron plasmas the non-
diagonal elements disappear since the contributions of
electrons and positrons cancel each other. Therefore the
circularly polarized, in the electron-ion plasmas, wave are
the linearly polarized in the electron-positron plasmas
and the account of the spin dynamics does not change
it. Nevertheless, the spin gives a contribution in the dis-
persion of the electromagnetic linearly polarized waves.
Moreover, the spin leads to the spin-plasma waves simi-
larly to the electron-ion plasmas described above.
The dispersion equation for the transverse waves prop-
agating perpendicular to the external magnetic field with
the account of the spin evolution together with the con-
tribution of the thermal part of the spin current arises as
follows
k2zc
2 − ω2 + 2ω2Le
ω2
ω2 − Ω2e
+
2 | γ |
h¯
8pi(kzc)
2n0µ0(Θ + Λ)
ω2 −Θ2 + Λ2 = 0, (65)
where
Θ =
2γ
h¯
B0 +
h¯µ0
2mγ
k2z +
4piγ
h¯
n0µ0 +w, (66)
and
Λ = 4pi | γ | n0µ0/h¯. (67)
Frequency Θ, given by formula (66), is the shifted cy-
clotron frequency for a magnetic moment in the external
magnetic field, it is shifted, from the traditional cyclotron
frequency eB0/mc, due to the anomalous magnetic mo-
ment of the electrons and positrons included in γ, the
quantum Bohm potential contribution in the magnetic
moment evolution equation (the second term in (66)),
the spin dependent part of the annihilation interaction
(the third term), and, found in this paper, contribution
of the thermal part of the spin current w given by for-
mula (44). Frequency (67) is the characteristic frequency
of the spin dependent part of the annihilation interaction.
The contribution of the thermal part of the spin cur-
rent in the resonance frequency for electron-ion plasmas
is described above. The electron-positron plasmas differs
by the presence of the annihilation interaction, which in-
creases frequency Θ on a constant Λ (67).
The frequency of the spin-plasma wave is close to the
resonance frequency ωR =
√
Θ2 − Λ2. Let us consider
this frequency in more details. The annihilation interac-
tion arises in the resonance frequency
√
Θ2 − Λ2 twice.
These contributions partially cancel each other. Con-
sidering square of Θ explicitly we have
√
Θ2 − Λ2 =√
(2γh¯ B0 +
h¯µ0
2mγ k
2
z +w)(
2γ
h¯ B0 +
h¯µ0
2mγ k
2
z +w+ 2Λ). It
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shows that the annihilation interaction increases the res-
onance frequency, while the thermal part of the spin cur-
rent decreases it, as it has been demonstrated in more
details for the electron-ion plasmas.
B. Propagation perpendicular to the external field
field
In this regime the dispersion equation for the trans-
verse waves arises as follows
ω2 − k2xc2 − 2ω2Le − 8pin0µ0
2γ
h¯
k2xc
2(Θ + Λ)
ω2 −Θ2 + Λ2 = 0. (68)
The last term in equation (68) arises due to the spin
of the electrons and positrons. It increases the degree
of the dispersion equation and leads to the spin-plasma
wave appearance, as it was also demonstrated in Sect VI
B for the electron-ion plasmas.
If contribution of the magnetization in equation (68)
is small the spin-plasma wave arises at frequencies close
to the resonance frequency of the last term in formula
(68) ω ≈ √Θ2 − Λ2. Explicitly including the small shift
from the resonance frequency we find the dispersion of
the spin-plasma wave propagating perpendicular to the
external field:
ω =
√
Θ2 − Λ2
(
1− 1
Θ− Λ
8pi | γ | n0µ0k2xc2/h¯
2ω2Le + k
2
xc
2 + Λ2 −Θ2
)
.
(69)
It is an analog of solution (57) found for the electron-ion
plasmas.
At the parallel and perpendicular propagation of the
spin-plasma waves we have the same resonance frequency√
Θ2 − Λ2.
Formula (69) gives an approximate solution of equation
(68) for the spin-plasma wave. Besides, we can present
general analytical solution of equation (68) describing the
electromagnetic and spin-plasma waves together:
ω2 =
1
2
[
2ω2Le + k
2
⊥c
2 +Θ2 − Λ2
±
√
(2ω2Le + k
2
⊥c
2 −Θ2 + Λ2)2 + 8ωµ(Θ + Λ)k2⊥c2
]
.
(70)
This solution includes the hybridization of two branches
studied numerically for waves propagating parallel to the
external field in the electron-ion plasmas and presented
in Figs. 4 and 5.
IX. CONCLUSION
The thermal part of the spin current has not been con-
sidered in the condensed matter physics and physics of
quantum plasmas. In this paper we have improved the
magnetic moment evolution equation for degenerate elec-
trons and applied it for the spin-1/2 quantum plasma
phenomena.
The explicit forms of the thermal spin current and the
spin current flux have been derived for the degenerate
electrons. Corresponding modification of the quantum
vorticity evolution equation has been found. The ther-
mal part of the spin current has been applied to find the
spectrums of the transverse waves, focusing on the spin-
plasma waves, in the electron-ion and electron-positron
plasmas. It was demonstrated that the thermal spin cur-
rent decreases the frequencies of the spin-plasma waves
with right circular polarization propagating parallel and
perpendicular to the external magnetic field. We have
found that for large enough TPSC the spin-plasma waves
with right circular polarization propagating parallel to
the external magnetic field disappears, but the right cir-
cularly polarized spin-plasma wave arises at frequency
near the TSCF. If the TSCF and the Langmuir frequency
are approximately equal to each other we have obtained
hybridization of the spin-plasma wave and the ordinary
electromagnetic wave and their spectrums.
All of it have been found as applications of the gener-
alized non-linear Pauli equation with the spinor pressure
term suggested in this paper.
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